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ABSTRACT  
We present a semi-analytical model incorporating the effects of edge bond relaxation, the third nearest neighbor 
interactions, and edge scattering in graphene nanoribbon fi eld-effect transistors (GNRFETs) with armchair-edge 
GNR (AGNR) channels. Unlike carbon nanotubes (CNTs) which do not have edges, the existence of edges in 
the AGNRs has a signifi cant effect on the quantum capacitance and ballistic I V characteristics of GNRFETs. For 
an AGNR with an index of m=3p, the band gap decreases and the ON current increases whereas for an AGNR 
with an index of m=3p+1, the quantum capacitance increases and the ON current decreases. The effect of edge 
scattering, which reduces the ON current, is also included in the model.   
KEYWORDS
Graphene nanoribbon field-effect transistor, edge bond relaxation, third nearest neighbor interaction, edge 
scattering
Introduction
Graphene [1 3], which is a monolayer of carbon 
atoms packed into a two-dimensional honeycomb 
lattice, has been experimentally demonstrated to 
possess remarkable carrier transport properties. The 
high mobility and carrier velocity in graphene also 
promises ballistic devices and high switching speeds. 
Two-dimensional graphene is a semi-metal material 
without a band gap. A band gap can be obtained by 
using a narrow strip of graphene called a graphene 
nanoribbon (GNR). Unlike carbon nanotubes (CNTs), 
which are mixtures of metallic and semiconducting 
materials, a recent experiment [4] demonstrated that 
all sub-10 nm GNRs are semiconducting due to the 
edge effects, which make them more attractive for 
electronic device applications.
In this paper, we present a semi-analytical model 
incorporates the effects of edge bond relaxation, the 
third nearest neighbor (3NN) interactions, and edge 
scattering in GNR fi eld-effect transistors (GNRFETs) 
with armchair-edge GNR (AGNR) channels. The 
edge bond relaxation and the 3NN interactions (Fig. 
1) [5 8], which are not pronounced in CNTs, are 
found to play an important role on the electronic 
band structure of AGNRs and the characteristics 
of GNRFETs. Second nearest neighbor (2NN) 
interactions, which only shift the dispersion relation 
in the energy direction but do not change the band 
structure, can be ignored [5, 7]. Depending on the 
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index (width) of the AGNR channel, the edge bond 
relaxation and the 3NN interaction effects introduce 
large differences compared with the simple tight 
binding (TB) model. For an AGNR with an index of 
m=3p, the band gap decreases and the ON current 
increases whereas for an AGNR with an index of 
m=3p+1, the quantum capacitance increases and the 
ON current decreases. The effect of edge scattering, 
which reduces the ON current, is also included in the 
model described in this paper.
1. Approach
The effects of edge bond relaxation, the 3NN 
interactions, and edge scattering, all of which are 
pronounced in GNR fi eld-effect transistors (GNRFETs) 
but not in CNTFETs, are modeled 
by extending a top-of-barrier 
transistor model [9, 10], as shown 
in Fig. 2. At the ballistic limit, the 
semi-classical model computes 
the performance limits of the 
transistor. The Landauer approach 
can also account for the effect of 
edge scattering by computing the 
transmission coefficient of the 
channel [10]. This model focuses 
on carrier transport and self-
consistent electrostatics at the 
top of the potential barrier in the 
channel, as shown in Fig. 2. It captures the quantum 
capacitance effect and self-consistent electrostatics in 
a nanoscale field-effect transistor (FET). The model 
has been previously used to simulate Si metal oxide 
semiconductor field-effect transistors (MOSFETs), 
CNTFETs, and nanowire FETs [9 11]. The performance 
limits of GNRFETs have been previously assessed 
using a simple TB model that did not consider edge 
effects [12, 13]. The tunneling current is also not 
considered. However, validation using detailed 
nonequilibrium Green’s function (NEGF) simulations 
indicates that the semi-classical approach is valid for 
MOSFET device structures [14] in the simulated bias 
ranges if the channel length is longer than 20 nm. 
Recent ab initio density functional calculations of 
AGNR band structure indicate the important roles of 
the edge bond relaxation and the 3NN interactions. 
Atomistic simulations of GNRFETs using the NEGF 
formalism have also been reported [15 18]. However, 
they are computationally expensive and motivate the 
need for analytical modeling that can encapsulate 
these effects. 
An accurate calculation of the band structure is 
a necessary input for the model described in this 
paper. For CNTs, a simple pZ orbital tight binding 
(TB) calculation with the first nearest neighbor 
interaction yields an accurate E k relation in the 
energy range relevant for carrier transport. In 
AGNRs, this calculation, however, fails to yield even 
a correct band gap, as indicated by comparing the TB 
results to the ab initio simulation results [5 7]. In an 
AGNR, the difference is due to both the edge bond 
Figure 1   The schematic sketch of an armchair edge GNR (AGNR). 
The edges of the honeycomb lattice are hydrogen terminated. The 
edge bonds have a different bond length and bonding parameter 
from those in the middle of GNR due to edge bond relaxation. The 
interactions between the first nearest neighbor (1NN), the second 
nearest neighbor (2NN), and the third nearest neighbor (3NN) atoms 
are also shown
Figure 2   The transistor model: (a) the fi rst sub-band profi le E1(x) and the population at the top 
of the potential barrier at the ballistic limit; (b) the capacitance model for computation of the 
self-consistent potential at the top of the barrier
（a） （b）
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is the phenomenological source (drain) capacitance, 
the inclusion of which is necessary to treat the 2-D 
electrostatic short channel effects.
The current at the ballistic limits is computed as
 
Edge scattering [19] and optical phonon (OP) 
scattering have been shown to play an important 
role in GNRFETs. The carrier scattering is treated in 
a similar way as described in Ref. [10] by computing 
the transmission coeffi cient T as
where L ch is the channel length of the GNRFET, ħωop 
≈ 0.18 eV [20] is the OP energy, and λedge=15 nm [19] 
is the edge scattering mean free path (mfp). λedge 
is infinitely long for a perfect AGNR edge and of 
the order of AGNR width for a rough AGNR edge. 
Under low drain bias, scattering in the channel can 
cause a carrier to return to the source region and 
transmission decreases. Under high drain bias, 
within an approximate critical length of l = ( ħωop/
qVD)L ch near the source end of the channel [21], the 
back-scattered carriers can return to the source after 
scattering. Beyond the critical distance, the scattered 
carriers in the channel near the drain side, however, 
will be absorbed by the drain without having a direct 
effect on the source-drain current [19].
2. Results and discussion
The electronic properties of the channel material play 
an important role on transistor characteristics. We 
first examine the band gap, band structure, density 
of states, and band structure-limited velocity of an 
AGNR. In order to examine the effects of edge bond 
relaxation and the 3NN interactions, the simulation 
results are computed using three models. Model 1 is 
the simple TB model without edge bond relaxation 
and the 3NN interactions (γ3=∆γ1=0). Model 2 
considers the edge bond relaxation only (γ3=0, ∆γ1 
= 0.2 eV). Model 3 considers both effects (γ3 = 0.3 
eV, ∆γ1= 0.2 eV) and yields the most accurate band 
relaxation and the 3NN interaction, which a simple 
TB calculation does not include. A reparameterization 
of the TB model by introducing additional parameters 
describing these effects, however, can yield band 
structures in agreement with the ab initio calculations 
in the energy range of interest [5]. The E k dispersion 
can be expressed as  
                    
where 
          
and
 
Here, γ1= 3.2 eV and γ3= 0.3 eV are the nearest 
neighbor and third nearest neighbor hopping 
parameters, respectively, ∆γ1 = 0.2 eV is the correction 
of γ1 for the bonds due to the edge bond relaxation 
effect [5], and ħ is the reduced Planck constant.
The band structure-limited velocity is proportional 
to the slope of E(k) asν=(1/ħ)(dE/dk). For each one-
dimensional (1-D) sub-band of a AGNR, the density-
of-states (DOS) is inversely proportional to the 
velocity as D(E)=4/hν. At the ballistic performance 
limit, the nanotransistor model indicates that the 
charge density at the top of the potential barrier,εtop, is
Where the fi rst part comprises positive velocity states 
fi lled by the carriers injected from the source, and the 
second part comprises negative velocity states fi lled 
by the carriers from the drain.
Based on a 2-D capacitance model [10], the 
electrostatics equation is
 
where Cins is the gate insulator capacitance and CS (CD) 
E =           (1)(∆/2)2+(hνsk)2
∆/2=γ1(2s cos         +1)+γ3(2s cos         +1) pπm+1  2pπm+1
 4(γ3+∆γ1)
m+1
+                      sin2                 pπ
m+1 (2)
(hγs)
2=(3d)2{   γ1s cos          ×[γ1+γ3 (2 cos          +1) 12  pπm+1  2pπm+1
+                      sin2                 ] γ3 (γ1+2γ3 cos 4(γ3+∆γ1)m+1  pπm+1  2pπm+1
+                      sin2                 )}  4(γ3+∆γ1)m+1  pπm+1 (3)
N =  ∫     [D(E εtop ∆/2) f (E EF)+D(E εtop ∆/2)










I =            [ln(1+e            ) ln(1+e                    )] 2qkBTh
 EF εtop
kBT
 EF εtop qVD
kBT (6)
T = { λedge/(λedge+L ch)       if  qV D＜ħωopλedgeλedge+(ħωop/qV D)L ch   if  qV D＞ħωop (7)
398 Nano Res (2008) 1: 395 402
Nano Research
structure in agreement with ab initio calculations.
Figure 3 plots the band gap as a function of 
the AGNR width. Without considering edge bond 
relaxation and the 3NN interactions, Model 1 clearly 
differentiates AGNRs with different widths into 
two kinds: metallic (m=3p+2) and semiconducting 
(m=3p and m=3p+1), which contradicts ab initio 
simulations that indicate all narrow AGNRs are 
semiconducting [5 7]. This difference motivates 
the treatment of edge bond relaxation and the 3NN 
interaction. The simulated energy band gap exhibits 
three distinct family behaviors. For an AGNR index 
of m=3p+1, the three models predict similar behavior. 
For m=3p, the results for simple TB and TB with 
edge bond relaxation are very close. Thus, the 3NN 
interactions have the largest effect. For m=3p+2, the 
simple TB model fails to yield a band gap. Both the 
3NN interaction and the edge bond relaxation are 
responsible for opening a band gap, with roughly 
equal contribution from each effect.
Figure 4(a) plots the E k relation for the 21-AGNR 
(w=2.46 nm). Comparison between the result 
obtained from Model 1 (blue lines) and that obtained 
from Model 2 (black lines) indicates the small effect 
of the edge bond relaxation on the band structure. 
The 3NN interactions, however, have a much more 
pronounced effect on the band structure. The band 
gap obtained from Model 1 (blue lines) and that 
obtained from Model 2 (black lines) are close. A 
decrease in band gap is clearly observed after the 
3NN interaction is considered using Model 3 (red 
lines). A plot of the band structure-limited velocity 
versus energy, which is computed as ν=(1/ħ)dE/dk, 
is shown for the 21-AGNR in Fig. 4(b). From Eq. 
(1),  if E>>∆ /2 the velocity approaches a constant 
value. The results indicate that the 3NN interaction 
and the edge bond relaxation effects both result in 
a decrease of the band structure-limited velocity at 
high energies.
After studying the effects of the 3NN interaction 
and edge bond relaxation on the AGNR material 
Figure 3   The AGNR band gap as a function of the AGNR width 
for Model 1, the simple tight binding (TB) model (circles); Model 2, 
TB with edge bond relaxation only (triangles); and Model 3, TB with 
both edge bond relaxation and 3NN interactions (crosses). For the 
index m=3p+1, the three models predict almost the same behavior. 
For m=3p, the 3NN interactions plays a more important role than 
edge bond relaxation. For m=3p+2, both the 3NN interactions and 
edge bond relaxation have a similar effect on the band gap
Figure 4   (a) The fi rst sub-band structure of a 21-AGNR (w=2.46 nm, acc=0.142 nm) for the three models, Model 
1 (blue lines), Model 2 (black lines), and Model 3 (red lines). Both the 3NN interaction and edge bond relaxation 
effects result in a decrease in the band gap. However, the effect of the 3NN interactions is larger. (b) The band 
structure-limited carrier velocity for the fi rst sub-band as a function of energy
（a） （b）
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For a given density of states (DOS) D(E), the 
quantum capacitance CQ of the channel at finite 
temperature can be calculated [25] as
                                                                                
Figures 6(a) and (b) show plots of CQ versus the 
Fermi level EF with reference to the middle of the 
AGNR band gap Em for the three different models at 
different AGNR widths. The DOS figures shown in 
Figs. 6(c) and 6(d) are at T = 0 K. A simple expression 
CQ = q





properties, we next examine their effects on device 
characteristics by using the nanotransistor model. 
The metal  oxide semiconductor  (MOS) gate 
electrostatics of an AGNR are examined first. The 
gate capacitance, which can be directly character-
ized by C V measurements and is important in 
determining the I V characteristics, is the series 
combination of the gate insulator capacitance and 
the quantum capacitance. We first examine the gate 
insulator capacitance as a function of the AGNR 
width and the gate oxide thickness for SiO2 bottom-
gated GNRFETs as demonstrated experimentally [19, 
22, 23]. The gate insulator capacitance Cins increases 
linearly as the AGNR width increases because the 
area of the AGNR increases proportionally, as shown 
in Fig. 5. Similar to a parallel-plate capacitor, when 
oxide thickness is reduced, the capacitance increases. 
The gate capacitance is calculated using Fast Field 
Solvers [24] with dielectric constant εins=3.9.
Figure 5   Plot of the gate insulator capacitance versus the AGNR 
channel width at different oxide thickness of tox=3 nm, 5 nm, and 10 
nm for a bottom-gated GNRFET
Figure 6   Plots of the quantum capacitance versus the equilibrium 
Fermi level for (a) a 19-AGNR and (b) a 21-AGNR. The temperature is 
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for quantum capacitance CQ at T = 0 K is CQ = q
2D(E). 
Equation (8) describes CQ at finite temperature, and 
the sharp curve with the van Hove singularities of 
the DOS will be broadened by kT to introduce the 
effect of temperature.
The band gaps of both the 19-AGNR and the 
21-AGNR are larger than 0.5 eV, which is much larger 
than kT. Hence, in Figs. 6(a) and (b), the band gap 
effect can be observed. For the 21-AGNR, the three 
models give almost the same CQ (Fig. 6(b)) except 
for Model 3 where the band gap is smaller because 
it includes both edge bond relaxation and 3NN 
interactions. For the 19-AGNR, as shown in Fig. 6(a), 
the change in band gap is small after the edge effect is 
included. This leads to a nearly unchanged threshold 
voltage on the I V curve. The edge bond relaxation and 
the 3NN interactions lead to an increase in the CQ of 
19-AGNR, because the edge effects result in a decrease 
in the band structure-limited velocity and an increase 
in the DOS in the 19-AGNR as shown in Fig. 6(c).
Figure 7 shows a plot of the charge density as a 
function of the effective gate voltage VG for a 21-AGNR 
MOS capacitor for the three AGNR band structure 
models. The results indicate the important role of edge 
effects on the MOS electrostatics of AGNRs. Including 
the edge bond relaxation results in a slight decrease 
in the threshold voltage VT, and including the 3NN 
interaction results in a further and larger decrease in 
VT because of the decreasing AGNR band gap.
Next we compare the ballistic I V characteristics 
for two GNRFETs, one with a 19-AGNR channel and 
the other with a 21-AGNR channel. The 19-AGNR 
and 21-AGNR are representative of AGNRs with an 
index of m=3p+1 and m=3p, respectively. Whereas 
the 3NN interaction and edge bond relaxation have 
a large effect on both FETs, opposite trends are 
observed.
For the 21-AGNR FET, including edge bond 
relaxation and 3NN interaction increases the ON 
current by 40%. However, for the 19-AGNR FET, 
including edge bond relaxation and 3NN interaction 
results in a decrease in the ON current by 30%. The 
increase in the ON current in the 21-AGNR FET is 
mainly due to the decrease in the band gap, which 
manifests itself as a decrease in VT as shown in Fig. 
8 (b). In contrast, as pointed out in Fig. 3, the edge 
bond relaxation and the 3NN interactions have a 
much smaller effect on the band gap for an AGNR in 
the m=3p+1 group. The threshold voltage, therefore, 
Figure 7   Plots of the charge density as a function of the gate 
voltage at equilibrium (VD=0) for a 21-AGNR (w=2.46 nm). The gate 
insulator capacitance is 26 pF/m, which is for a 10 nm SiO2 bottom 
gate as shown in Fig. 5
（a）
（b）
Figure 8   The ballistic ID VG characteristics for (a) a 19-AGNR (w=2.21 
nm) and (b) a 21-AGNR (w=2.46 nm). The gate insulator capacitance 
is Cins=26 pF/m and CS=CD=5 pF/m
401Nano Res (2008) 1: 395 402
remains approximately the same after the edge effects 
are considered, as shown in Fig. 8(a).
In spite the small effect on the band gap, the edge 
effects result in a decrease in the carrier velocity and 
an increase in the DOS for an AGNR in the m=3p+1 
group, which increases the quantum capacitance 
of the AGNR channel as shown in Fig. 6(a). The 
gate voltage modulates the top of the barrier less 
effi ciently due to the increase in the AGNR quantum 
capacitance, resulting in a decrease in the ON current, 
as shown in Fig. 9(a). In contrast, the decrease in the 
threshold voltage after the edge effects are included 
leads to an increase in the ON current for the m=3p 
group, as shown in Fig. 9(b).
15 nm to the ballistic performance limit. The current 
at VD=1 V is about 31% of the ballistic current. These 
results indicate that the ON current is sensitive to the 
mean free path of the edge scattering.
（a）
（b）
Figure 9   The ballistic ID VD characteristics for (a) a 19-AGNR (w=2.21 
nm) and (b) a 21-AGNR (w=2.46 nm). The gate insulator capacitance 
is Cins=26 pF/m and CS=CD=5 pF/m. The legend follows that used in 
Fig. 4
The I V characteristics shown in Figs. 8 and 9 are 
based on an ideal ballistic transport approximation. 
We next consider the effect of scattering. Figure 10 
compares the ID VD characteristics in the presence of 
edge scattering with a scattering mean free path of 
Figure 10   The ID VD characteristics at VG=0.5 V and 0.75 V in the 
presence of scattering (dashed lines) is compared with the ideal 
ballistic approximation (solid lines) for Lch=100 nm and λ edge=15 nm
3. Conclusions
This work indicates the important role of edge 
bond relaxation, which has also been considered 
in an extended study of GNRFETs [26], the 3NN 
interactions, and edge scattering in GNRFET 
characteristics, and shows that these must be 
considered in future design and optimization. By 
comparing simulation results with and without 
including edge effects, we show the important role 
of the edge effects on the quantum capacitance and 
I V characteristics of GNRFETs. For an AGNR with 
an index of m=3p, the band gap decreases and the 
ON current increases whereas for an AGNR with an 
index of m=3p+1, the quantum capacitance increases 
and the ON current decreases. The I V characteristics 
are also sensitive to the mean free path of the edge 
scattering.
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